Conventional quantum mechanics is described in terms of complex numbers. However, all physical quantities are real. This indicates, that the appearance of complex numbers in quantum mechanics may be the emergent phenomenon, i.e. complex numbers appear in the low energy description of the underlined high energy theory. We suggest a possible explanation of how this may occur. Namely, we consider the system of multi -component Majorana fermions. There is a natural description of this system in terms of real numbers only. In the vicinity of the topologically protected Fermi point this system is described by the effective low energy theory with Weyl fermions. These Weyl fermions interact with the emergent gauge field and the emergent gravitational field.
Properties of topological media (topological insulators, topological superconductors, Weyl semi-metals, etc. [15, 2] ) are generic. They are protected by topology and thus are robust to deformation of the system and not sensitive to the detailed microscopic (atomic) structure of a given topological material. These systems experience relativistic phenomena at low energy, which earlier have been the prerogative of particle physics. The emergence of Lorentz invariance and other physical laws and their topological stability suggest that Standard Model of particle physics and Einstein theory of gravitational field may have the status of effective theories. The chiral elementary particles (quarks and leptons), gauge and Higgs bosons, and the dynamical tetrad field representing gravity may naturally emerge in the lowenergy corner of the quantum vacuum, provided the vacuum has Weyl points (topologically protected point nodes in the energy spectrum [3, 4, 5] ).
Particle physics and physics of many-body systems have many common properties. Last decades it became clear that the close connection between the two areas arises from the common topology. In both systems the main role is played by fermionic particles: quasiparticles in condensed matter and quarks and leptons in the Standard Model. At low temperature the gapped (massive) fermions are frozen out and only gapless (massless) quasiparticles may survive. The gaplessness is the fragile property, since it can be violated
2) e-mail: volovik@boojum.hut.fi 2) e-mail: zubkov@itep.ru by interaction between fermions. Nevertheless, there exist fermionic systems, in which the gaplessness (masslessness) is robust to interaction. These are topological materials, where stability of nodes in the energy spectrum is protected by the conservation of topological invariants of different types [5] . The most familiar example of topologically protected zeroes in fermionic spectrum is the Fermi surface in metals: it survives even if the interaction becomes so strong that quasiparticles are not any more well defined [4] .
The most close connection to particle physics comes from the condensed matter systems with point nodes. The spectrum of fermions in the vicinity of point nodes typically acquires the relativistic form. Moreover, for these lowenergy fermions the analog of Lorentz symmetry emerges together with effective gauge and gravity fields; the quasiparticles live in effective curved space -time, whose geometry is formed by certain collective excitations of the microscopic system [3, 4, 23, 29] . The topologically protected point nodes exist in 3+1 superfluid 3 He-A [4] . Near these points the quasiparticles are similar to the right-handed and the lefthanded electrons of the Standard Model obeying Weyl equation. The Weyl points are suggested to exist in 3+1 Weyl semimetals [8, 9, 10, 11, 12] . Dirac point nodes are well known in 2+1 graphene [13] . The point nodes emerge also in the spectrum of fermionic modes on the surface and interfaces of the fully gapped topological insulators [14, 15, 16] and topological superfuids [17, 18] . The Weyl and Dirac points represent the exceptional (conical, diabolic) points of level crossing, which avoid the level repulsion [19] . Topological invariants for such points, at which the branches of spectrum merge, were introduced by Novikov [20] . In our case the crossing points occur in momentum space [21, 22] . In the vicinity of the Weyl point the system is effectively described by the two -component fermion field Ψ obeying Weyl equation [3, 5, 23 ]
Here p
µ is the position of the Fermi point, whose space -time variation gives rise to the effective dynamical electromagnetic field
µ ; and e µ a is an emergent vierbein, which describes the effective space-time with metric g µν = η ab e µ a e ν b (we denote metric of Minkowsky spacetime by η ab ). In Eq. (1) the vierbein does not commute with derivative. The latter does not contain spin connection. This means that we deal with the effective gravity with torsion in the limit of vanishing SO(3, 1) curvature. This is the socalled teleparallel gravity [24] . The corresponding geometry differs both from Riemann -Cartan and Riemannian geometry. In superfluid 3 He-A equation (1) has been explicitly obtained by expansion of the Bogoliubov-de Gennes Hamiltonian near the Weyl point [23] ; for the expansion near Dirac point in 2 + 1 D graphene see Ref. [25, 26, 28] . In both cases the complicated atomic structure of liquid and solid is reduced to the description in terms of the effective twocomponent spinors.
The emergence of Weyl spinor has important consequences both in the condensed matter physics and in the high energy physics. This is because Weyl fermions represent the building blocks of the Standard Model of particle physics (SM). Emergence of Weyl fermions in condensed matter together with Lorentz invariance, effective gravity and gauge fields and the topological stability of emergent phenomena suggest that SM and Einstein theory of gravitational field (GR) may have the status of effective theories. The chiral elementary particles (quarks and leptons), gauge and Higgs bosons, and the dynamical vierbein field may naturally emerge in the low-energy corner of the quantum vacuum, provided the vacuum has topologically protected Weyl points.
In this approach it is assumed from the very beginning, that the underlying microscopic Hamiltonian is the complexvalued N × N matrix, acting on the complex valued Ncomponent wave function. At the first glance this is not surprizing, since quantum mechanics (or, in general, the quantum field theory), is described by the language of complex numbers. All the equations of quantum mechanics -the Weyl, Dirac and Schrödinger equations -are described in terms of complex numbers. On the other hand, the imaginary unit i = √ −1 is the product of human mind, which is mathematically convenient, while all the measured physical quantities are real. This may imply that the imaginary unit i = √ −1 should not enter any physical equation. It is known that Schrödinger strongly resisted to introduce i into his wave equations (see Yang [7] ). The Schrödinger equation is obtained from Dirac equation in the non-relativistic limit, when the characterisic non-relativistic energy E ≪ mc 2 , where m is the mass of Dirac particle. In turn, the Dirac equation is obtained from Weyl equation, when the twocomponent left-handed and the two-component right-handed Weyl fermions are mixed to form the 4-component Dirac particle.
The complex numbers may be represented by 2 × 2 real -valued matrices
where matrices of real and imaginary units are1 andî ef
The complex conjugation is defined by matrixĈ, which can be chosen as:
It is necessary to find out the reason, why such structure entered the wave function in quantum mechanics, i.e. what is the geometric, symmetry or topological origin of the algebra Emergent Weyl fermions and the origin of i = √ −1 in quantum mechanics 3 of complex numbers in the formalism of quantum mechanics. One scheme suggested by Adler [6] is the so-called trace dynamics, where g = i eff appears as an anti-self-adjoint operator:
The general scheme that describes how Weyl spinors appear in the low energy approximation to the system of multi -component fermions was given by Hořava [5] and developed in [27] . Here we concentrate on the underlying microscopic theory, which is described solely in terms of the real numbers, i.e. in terms of Majorana fermions. It is shown, that there exists the special choice of coordinates, in which the low energy description is again given in terms of Weyl spinors. This scheme demonstrates that the effective imaginary unit i eff may be also the emergent phenomenon in quantum mechanics, and this i eff emerges together with Weyl fermions, gauge fields, gravity, and observed coordinate space itself.
Majorana fermions are described by the N -component real -valued spinor wave function χ(Q). We start from the functions defined in the coordinates Q. These coordinates not necessarily coincide with the coordinates of observed space, in which the low energy physics is described in terms of Weyl fermions. The evolution in time of the wave function is given by the equation ∂ t χ =Âχ, where A is the operator. This operator may be non -local in the original coordinates Q. In the language of quantum field theory the dynamics of Majorana fermions is governed by the functional integral over fictitious N -component anti -commuting variables ψ (Grassmann variables). The partition function of the theory has the form:
The conventional form of the functional integral for Majorana fermions is recovered, when operatorÂ is identified with the Hamiltonian multiplied by i. However, written in the form of Eq. (5) the functional integral does not contain imaginary unity. Besides, it contains only one N -component Grassmann spinor ψ. (The functional integral for usual fermions would contain the second independent integration variableψ that corresponds to the hermitian conjugated field.) In Eq. (5) there is the sum over the initial coordinates Q. Later we shall imply that these coordinates belong to R 3 , so that the sum over these coordinates should be understood as an integral over d 3 Q. However, in principle, the theory may be developed in such a way, that these coordinates are discrete.
In the vicinity of the Fermi -point the system of multi -component Majorana fermions is described effectively by the model with the reduced number of fermion components N reduced . N reduced is the minimal number allowed by momentum space topology. The proof [27] is based on the general property of the Hermitian (and anti -Hermitian) operators: several branches of spectrum repel each other. This means that if the two branches cross each other at a point, any small perturbation pushes them apart from each other. That's why the crossing point survives only if it is protected by something that does not allow the spectrum branches to be repelled. Fermi point appears as the position of the branches crossing point for operatorÂ.
Minimal number of the branches that cross each other allowed by nontrivial momentum space topology is two. This corresponds to the number of the reduced spinor components equal to four. More explicitly, there exists the orthogonal operatorΩ that brings operatorÂ to the form of the block -diagonal N × N matrix A block diagonal = diag E 1 (P)î eff , E 2 (P)î eff , E 3 (P)î eff , ... . This matrix depends on the new coordinates P. These coordinates parametrize the spectrum branches of operatorÂ. We refer to them as to the coordinates in generalized momentum space. The first 4 × 4 block of this matrix has the form A block diagonal reduced = diag E 1 (P)î eff , E 2 (P)î eff with some functions E 1 (P) and E 2 (P) that coincide at P = P (0) . The remaining block of matrix A block diagonal massive corresponds to the "massive" branches. The functional integral can be represented as the product of the functional integral over "massive" modes and the integral over 4 reduced fermion components. The Fermi point appears at P (0) if chemical potential is equal to the value E 1,2 (P (0) ). Then the four reduced components dominate the functional integral while the remaining "massive" components decouple and do not influence the dynamics. This pattern in illustrated by FIG. 1 (a) .
The possible explanation why the value of chemical potential is equal to the value E 1,2 (P (0) ) is that during inflation the chemical potential is self -tuned in such a way, that it becomes equal to the energy level crossing point (see, for example, the arguments in favor of this supposition in [3] ). However, this question remains out of the scope of the present paper, and we simply postulate, that the chemical potential is equal to E 1,2 (P (0) ).
Functions E 1,2 (P) may be non -analytical at P (0) . However, the block -diagonal form diag E 1 (P)î eff , E 2 (P)î eff of the reduced matrix is related by the 4 × 4 orthogonal transformation (that commutes withî eff ) to the 4 × 4 matrix A reduced (P) of a more general form. The dependence of A reduced (P) on P is analytical (except for the marginal cases). This is typical for the functions that are encountered in physics. The non -analytical functions represent the set of vanishing measure in space of functions.
Let us denote the components of the reduced 4 -com-
G.E.Volovik, M.A.Zubkov commutes withî eff . This allows to introduce the new twocomponent spinors
and express the partition function in terms of the two spinors Ψ andΨ:
We used that dt(ψ
Besides, we substitute iΨ PĤ Ψ P = ψ T PÂ reduced ψ P . This equality becomes obvious, when matrix A reduced is block -diagonal, then we must check only, that i(ψ
, and the same for the components ψ 3 , ψ 4 . Hamiltonian H that is related in this way to A block diagonal reduced has the form H = 
|m L | , while σ is the S 2 surface around the point. For N = ±1 in Eq. (8) the expansion near the hedgehog point at P
(We also expand in powers of P j − P (0) j the function m(P) that does not enter Eq. (8) .) This hedgehog point is illustrated by FIG.1 (b) .
Let us identify quantities P with the eigenvalues of operatorP = −i ∂ ∂X , where by X we denote the new coordinates. We denote The sum is over a, j = 0, 1, 2, 3 while σ 0 ≡ 1. We represented here f case the correlation between these emergent spinors may be present. As a result both the gauge field and the vierbein become matrices in flavor space. Besides, as it was mentioned above, there may appear the composite fields, that interact with the emergent Weyl spinors via the fermion number breaking terms. Such terms may be responsible for the formation of the Majorana masses of the right -handed neutrino necessary for the type I seesaw mechanism. The considered pattern points out, that Weyl equation for the quarks and leptons of the Standard Model of particle physics may be the emergent phenomenon, which appears at low energies in the microscopic system described purely in terms of real numbers. This microscopic system contains multi -component Majorana fermions. The imaginary unit, which enters the equations for the Weyl spinors, appears effectively on the way from the microscopic coordinates Q to the observed coordinates X through momentum space that parametrizes the branches of the spectrum of the microscopic Hamiltonian. The observed coordinates are those, in which the effective action for the emergent Weyl spinors does not contain the fermion number breaking terms (when the interaction between the Weyl spinors is neglected). The interaction between the Weyl spinors may, in principle, contain the terms that break the fermion number.
Since Weyl fermions are "primary" objects in the Standard Model, in the effective theory the other objects -bosons and fermions -are the composite objects made of Weyl fermions. That is why the wave functions of all matter fields will be also expressed via the effective complex numbers. Thus, it is possible that the complex numbers appear together with Weyl fermions, gauge fields and gravity in the vicinity of the crossing point in the spectrum of the original microscopic system. Existence of the crossing point (Weyl point) may also solve the hierarchy problem in the Standard Model: masses of quarks and leptons are much smaller than the characteristic Planck energy scale simply because they emerge as gapless chiral Weyl fermions.
